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^ ■ Abstract 

■ For a quantum ensemble £3 = {{Pi, pi)}^^i, M. Fannes et al. conjectured that the 

^ \ entropy of the correlation matrix of £^3 = { (p,, ) ) }^^^ is upper bound for the Holevo 

f—i ! quantity x (^3) of quantum ensemble £3 = {{pi, Pi)}^^i- In this paper, we prove the 

,— ,. conjecture under a strictly constraint condition. 

^■ 
P-i 
> ■ 

g : 1 Introduction and preliminaries 

I— I. Let H be a finite dimensional complex Hilbert space. A quantum state p on H is a 

■ positive semi-definite operator of trace one, in particular, for each unit vector \tp) G H^, 
Q\ \ the operator p = \xp) {xp\ is said to be a pure state. The set of all states on is denoted 

. by D (H). For each quantum state p G D (H), its von Neumann entropy is defined by 

• S{p) = — Tr (jOlogjO). If p and a are two states on H^, then F(jD, cr) = Tr (| y^i/a"])^ is 

1 1 said to be the fidelity between p and a. A quantum operation O on is a completely 

^ . positive linear mapping defined on the set D {'H^)- It follows from ([IJ, Prop. 5.2 and 

>• Coro. 5.5) that there exists linear operators {M^,}^^;^ on Ti^ such that Y^^^i Mj^M|^ = P 

^ i and for each quantum state p, we have the Kraus representation 

Moreover, let = and standard orthonormal basis of H^. A 

quantum operation <t> from the system to the system is called complementary to O 
if 

a : p ^ = ^Tr (M^pMj) (1.1) 

f.l,V 
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the state <I>(p) on describes the correlation between and H^. 

Note that Ylfi=i ^^^ji = 1^/ so {M}^^^ decides a quantum measurement which 
transforms an initial state p into one of the output states 

with probability = Tr ^M^pM'|^^ , where pi = 1,2, ■ ■ ■ ,K. The Holevo quantity of the 
quantum ensemble | (^qii,p'^^ | is defined by the following expression: 

^ { i^i^'P'v) } = s [Lw'/j - E^f'S (p;) . (1.2) 

In |l2l, the following important inequality was obtained: 

X { (^F'P;) } ^ S (a(p)) ^ H {{q,}) , (1.3) 
where H ({^?;/}) = —Jlpiqpi^ogqn is the Shannon entropy of a probability distribution 

Let £k = {(P/zPf)}^! be a quantum ensemble on "H^, that is, each G D ("H^), 
p, > 0, and Ylf=i Pi = ^- The matrix 



is said to be a correlation matrix of the quantum ensemble £fc = {(P;/Pf)}^i/ where 
F;y = V{pi,pj) is the fidelity between and py. 

For K = 2 or 3, the correlation matrix C ^{^k) = {\/ PiPj^ij) i- is a legitimate state 
accordingly, however, ifK^A, then C ^{£k) = ( \/PiPi^ij) ij fails to be positive in general 

For K = 2, the correlation matrix 

Pi ^/pipiHpiTpi) 
\/p\P2^{p\,pi) pi 

was shown to satisfy the following inequality Q: 

Pi \/p\PJ^{9\,9i) 
\J P\pi^{p\, pi) pi 

Motivated by the above fact, M. Fannes et al. proposed the following conjecture in 

iH: 

Conjecture: For K = 3, xi^s) ^ S(C ^(£-3)) is also true. 

In this paper, we prove the conjecture under some constraint condition. 



X{£i) ^ s 
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2 Technical lemmas 



Let T-i^ and "H^ be two finite dimensional complex Hilbert spaces, p^^ is a state on 

® n^, = Trg (p^^), p^ = TvA {p^^). 



is the output state after executing the nonselective measurement Yl^ = |n^|; 1"^ is the 
identity operator onH^. 

Let I I'/'y^) I . ^ be a orthonormal basis oiH^ and Ilj = Then 

Tr (i^ ® ufp^H"^ ® nf) = {^pf\p^\ 



If we denote ypj \p \ j by py, then ^ and E/P/ = 1- Without loss of generality, 
we assume that all pj > 0. Now, we define p^ = {^f\p'^^\''pf)/pj, then p^ is a state on 
and 



] ' ] ] 

The following result appeared in the proof in m, in order to be convenient for our 
presentation, we reformulate it as a separate result. Furthermore, we will generalize it 
to the case where von Neumann measurements are replaced by general POVMs. 



Lemma 2.1. If the von Neumann measurement performed on the subsystem B induces an en- 
semble Eii= { [pj,p^^ } on the subsystem A, then 

^{{vi'Pf)]^^{p')' (2-1) 

where K = dim(H®). 

Proof Note that the quantum ensemble | (j)j,p^^ | is obtained from the quantum op- 
eration of taking partial trace over T-L^ from the quantum state p"^^, this inspired us to 
define the following quantum operation Y on the quantum system %^ 

Let \co^) ^ be a fixed unit vector, for each quantum state cr"^^ on Ti"^ ^ V.^ , 

i 



TrR ( a^^ 



Let % = C and {|2)}f=i be the standard orthonormal basis of U^. Then the corre 
lation matrix Y (p"^^) is given by 



Y p 



If we define PV = then W+PV = 1^, WW+ = 1^, that is, W is a unitary 

operator from to U^. It follows from Y [p^^) = W,o^W+ that S (^Y (jO^^)) = S (p^). 
Note that the quantum ensemble | {vjrPf ® | can be obtained by the quan- 

tum operation Y and x | {vi'Pf^ } ~ { ifi'Pf '^1'^^) ("^^ l) }• losing the inequality 
(|1.3|) we have 



Y p 



S p 



□ 



In what follows, we generalize the above inequality (|2.1|l to the case where the von 
Neumann measurement is replaced by POVMs. Firstly, we generalize it to PVM case. 

Let p^^ G D (H"^ ® H^) and is a projection on "H®. For the projection , there ex- 
ists an orthonormal set 1 1 w,) : z = 1, . . . , m ^ dim (H^) } of vectors in such that = 
E[li {ui\. Denote p = Tr (l^^ ® P^p^H^ P^) and p^ = Trg (l^ P^p^^l^ P^), 
P'Pf = {^i Ip'^^I ^i)' where pi = (w; |p^| Ui) ,p^ = Tr^ {p^^) . Then we have the follow- 
ing proposition: 

Proposition 2.2. pS (p^) > E^Li p;S (pf ) . 
Proof. In fact, 

p = Tr (l^ ® pSp^S^^ ^ pB j ^ f^^A ^ pBpAB 



ETr ^ 



! = 1 



i=l 



i=l 



and 1-^ P^p-^^l^ P^ = Eu'=i {ui \p^^\ Wf) which implies that 

= E p^•p^ 



2 = 1 



Now the desired inequality follows from the concavity of von Neumann entropy. □ 
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Given a PVM on the subsystem B, there corresponds an orthonomal basis 

{ 1^;) • y = 1/ • • • / dim (H^) } for which each is a sum of some rank-one projectors 

\(pj) {(pj\ and we have p^p^ = Tr^ (l"^ ^ P^^p^H"^ (g) P^) , where = Tr (^1^ ® P^jO^^l^ (g) P^^) . 
Similarly, pjp^ = (^(pj Ip"^^] ^y), where pj = ((pj \ p^\ (pj) ,p^ = Tr^ {p^^)- Now we can 
state our first generalization: 

Proposition 2.3. With the above notation, we have 

Proof. Since each index set determine a partition of the set {l, . . . , dim {H^) }: 

{i,...,dim (h^)} = Ur^, 

where I^ f]Tj^i = ii ^ ji'. Thus it follows from Proposition 12.21 that 
This indicates that 

Ep.S (pt) > E E P;S {pf) = Ep/S (pf) , 

which gives the desired result. □ 

In order to obtain a general POVM case, we employ the Naimark's theorem: 

Theorem 2.4. (Naimark's Theorem). Let {E^j be a POVM on a Hilbert space 71. Then there 
exist a Hilbert space K. and a linear isometry V onli® K, such that 

E^ = y+ {\u®\}i){}i\)V 

for all fi. 

Now for any fixed choice of a normalized vector |e) G /C, we can choose a unitary 
operator U on H ® K such that V = U ® \e)). Consider a PVM {n^;} which is 
defined by 

n^ = L/+ {ln®\}i){}i\)U 

for all pi. It is easily seen that 

Tr (n^(p® |e)(e|)) = Tr (E^,p) , (£|n^|e> = E^. 



5 



Now we can state our the more general result as follows: Given a POVM | | 
on the subsystem B, we have piip^ = Trg (l'^ .^Je^^p^^I^ (8) y'^) / where = 
Tr ^1"^ ® ^Je^^p^^\-^ ® \/^) ■ Naimark's Theorem 12.41 there exist an ancillary sys- 
tem C and a fixed normalized vector |0)'', a PVM |n|^^| on the composite system BC 



such that ( 



P^p^ = TrB (l-^ (E) y^^^^^l^ ® ^E?) = Trgc (l^ Uf^^p^^ (E) |0) (Ol^l^ ® n^c) 
which, together with Lemma 12.11 and Proposition |2.3[ implies that 

x{{p,,P^)}^s[p^^\o){of)=s[p^ 



Given a quantum operation on subsystem B, it follows from Choi-Kraus repre- 
sentation Theorem that there is a collection of Kraus operators 

I^Mf,:pi = l,...,K^ (dim(^s))'| 

such that = Y^^Ad^B. The trace-preservation of means that '}2^M^^Mf^ = 1^, 
which implies that |m^^M^ | is a legitimate POVM. Now the measurement statistics of 
may be simulated by the POVM |m^+M^^| as follows: 



p^p^ = TrBi(l^^M^^p^^l^(EMf,'' 



= TrB((l 

= TrB ((l^ ® V^MB+Mb) (l^ ® ^JMpMf,) 

It is easily seen that the quantum operation induced a quantum ensemble | (^p^, p^ 
on subsystem A, it follows from the above discussion that 

x{(p,„P^)}<s(/). 

From these generalizations, we may claim that any physical admissible operation on the 
subsystem B of a given composite quantum system AB induced a quantum ensemble on 
the subsystem A for which the corresponding Holevo quantity is upper bounded by the 
initial von Neumann entropy of the subsystem B. We also see that in a some sense, von 
Neumann measurement is the most precise measurement. 



Lemma 2.5. (O) A 3 x 3 block matrix 



A D E 
D+ B f 
E+ f+ C 

defined on C^i ffi ® zs semi-definite positive if and only if the following statements are 
valid: 

(i) A ^ 0, B ^ 0, C ^ 0; 

(ii) there exist three contractive operators Ri{i = 1,2,3) such that D = ^/ARl^/B,F = 
\/BR2\/C, and 



E = VARisupp{B)R2^/C + \J A - ^/AR^supY>{B)R\^/AR3^J C - v/CR|supp(B)R^ Vc. 

Remark 2.6. The conditions of fixed sign for the operator matrices acting on a product of 
Hilbert spaces play a significant role in operator theory and its numerous applications. 
The base result is the positivity of 2 x 2 operator matrix. In IZl, I. Orlov et al. obtained 
a complete description of positive definite and nonnegative operator matrices, including 
the suitable explicit conditions for 3x3 operator matrices. 

Lemma 2.7. Assume that U,V,W (C^) are unitary operators and 1^ is the identity operator 
on C^. Then a3 x 3 block matrix 

^ Id U V 

y+ w+ Id 

is semi-definite positive if and only ifV= UW. 



Proof Taking D = U,E = V,F = W and A = B = C = 1^ in Lemma |Z5l we have that 
J^i = U,R2 = W, supp(B) = Irf and R3 is any contractive operator. Moreover, V = UW. 
That is 

"la U V ^ 

' > V = UW. 



Lr+ la W 
W+ la 



□ 



Remark 2.8. The alternative proof of Lemma IZTl may be given by Theorem 3.1 in [Zl. 
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3 The proof of the Conjecture 



The main idea of the proof is as follows: We construct a d ^3 bipartite state p such 
that two marginal states are p"^ = PiPi arid p^ = C ^{£3), respectively. Then next 
performing some von Neumann measurement on the subsystem B gives the ensemble 
^3 = {{pi> P2) > iP2> P2) > iP3> P3)} ■ By employing Lemma IZTl it follows that the conjecture 
is correct. 

In what follows, the proof is presented. By Polar Decomposition, we can chose three 
unitary matrices such that 

I x/p2x/pT| = Lfy^x/pT =^ Tr {^U^) = 

I VP3VPi\ = ^VP^VPi =^ Tr {y/p^V^) = v^Fb, 

IVPsVPiI = W^v^^ Tr (y^Wyp^) = V^F^- 

Now we impose a constraint that V = UW on the ensemble £3 = {{pi, pi) , {pi, pi) , {p3, 
Let 

pipi ^Jpm\fp\^ \fpi 

^pTp2v^ii+ypT pipi ^jnpi^^^ ■ 

VpipsVp^^^ Vp^ VpmVP^^Vp^ p^p^ 

Clearly, p"^ = Trg {p"^^) = Ef=i PiPi, p^ = C ^{E^). It remains to show that p^^ is 
positive. Since p"^^ can be rewritten as: 



^/np\ o o 

O O ^/P3P3 

Thus by Lemma 12.71 p^^ ^ follows from 





u 


V 




Id 


w 






Id 



^/pTpi O O 
o ^/PiPi o 

O O y/p3P3 



Id U V 
Lr+ la W 



^ only when V = UW. 



Clearly dimH^ = 3. Let {|0^), |2^)} be an orthonormal basis for such that 



PiPj 



^ - iflp'^^lf)- It follows from Lemma O that 



X{S3) = X { {Pirpf) ] ^ S (/) = s [c^{e3] 



From the above discussion, we can have the following conclusion as a by-product in 
this paper: 

Proposition 3.1. There exists a bipartite Hermite operator, acting on a Euclidean space (E) 
C^{1 < d G N), which is not positive semi-definite, but whose two marginals are positive 
semi-definite. 

It is conjectured that for any 1 < di, d2 G N, there exists a bipartite Hermite operator, 
acting on a Euclidean space C^i C?) C^^, which is not positive semi-definite, but whose 
two marginals are positive semi-definite. 
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4 Appendix 

In this section, we develop an interesting characterization of positivity for a special block 
matrix with each entry being ad x d unitary matrix. The proof can be easily derived from 
the main result in |7l, so it is omitted here. 

Assume that a collection U of unitary operators {Ujj : i,j = 1, . . . ,K^ such that K x K 
operator matrix 

LTii Ui2 • • • UiK 
U21 U22 • • • U2K 

UkI Uk2 • • • UfCK 

is positive semi-definite. Then these unitary operators in U satisfy the conditions: 

(i) Uii = Id for each index i; 

(ii) Uji = W^j for all indices z, 

Clearly, if Uij = UiUj, where {Ui : i = 1, . . . ,K} consists of K unitary operators, then 
[Uij] is positive semi-definite. 
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Theorem 4.1. Assume that {Ufj : i,j — 1, . . . ,K} is a collection ofdxd unitary matrices. Let 
P — [Uij]. IfP^O, then the following statements are equivalent: 



P = 



^12 



Urn 

Id 



^0. 



p = 



Id 

u'.ulul 



Id 



U 



K-l 



UIU2 

U2 
Id 



u 



UIU2U3 
U2U3 

U3 

Id 



U2U3U4: 

U3Ui 



K-l^K-2"K-3 



U 



UiU2---Uk-1 



K-l 



Uk-sUk-iUk-i 

Uk-1 
Id 



for a collection {Ui : i — 1, . . . ,K — 1} of d x d unitary operators. 



3. 



Vi 
Vk 



VI VI ... VI 



for a collection {Vf : i — 1, . . . , K} of d x d unitary operators. 
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